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Abstract
In this paper we state a full classification for Coxeter polytopes in Hn
with n + 3 facets which are non-compact and have precisely one non-
simple vertex.
1. Introduction
A polytope P in hyperbolic n-space Hn is called a Coxeter polytope if bounded by hyperplanes
which intersect at angle pimij , mij ∈N, mij ≥ 2 for hyperplanes Hi and Hj. They have the interesting
property that they tessellate the space Hn through reflections in the bounding hyperplanes.
We can define P as P = ∩i∈J H−i , J an arbitrary index set and H−i the half-space containing P. The
intersection of a Coxeter polytope with a bounding hyperplane is called a facet of the polytope.
If the Coxeter polytope P has a vertex at infinity, i.e. the hyperplanes intersect at infinity to form
a vertex, then P is said to be non-compact, otherwise we say P is compact. Also, if all vertices
of P ⊂Hn are formed by the intersection of precisely n hyperplanes then P is said to be simple,
otherwise we say P is non-simple.
All Coxeter polytopes with n + 1 facets (simplices) have been fully classified [2, 3, 8]. Coxeter
polytopes with n + 2 facets have been fully classified by Kaplinskaya [7] for simplicial prisms,
Esselmann [5] for compact Coxeter polytopes and Tumarkin [9] for non-compact Coxeter polytopes.
In the case of Coxeter polytopes with n + 3 facets Esselmann [4] began and Tumarkin [11] com-
pleted the classification in the compact case. The non-compact case remains without classification
currently, however there are some results.
In Tumarkin [10] there is the following theorem:
Theorem 1 (Tumarkin [10] Theorem 1). There are no Coxeter polytopes of finite volume with n + 3
facets in Hn of dimension n ≥ 17. There is just one such polytope in H16 and it has the following Coxeter
diagram:
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Andreev [1] proved that in dimension 3 there are infinitely many Coxeter polytopes with n + 3
facets.
Non-simple pyramids have been classified by Tumarkin [10] and will not be considered in this
text. Therefore a classification is desired for dimensions 4 to 16 for non-compact non-pyramidal
Coxeter polytopes with n + 3 facets.
This paper focusses on those polytopes with precisely one non-simple vertex, i.e. the Coxeter
polytopes in Hn which have one vertex formed by the intersection of n + 1 hyperplanes. A full
classification of these is displayed in Appendix A.
The majority of this text is copied directly from my Masters dissertation in which a near classifica-
tion of the non-compact non-pyramidal Coxeter polytopes with n + 3 facets and one non-simple
vertex was obtained.
2. Gram matrices
Gram matrices are an elegant way to display and encode the structural information about a
Coxeter polytope in matrix form. They also provide the opportunity to question the structure of
the Coxeter polytope from a Linear Algebra approach by, for example, considering the eigenvalues
and determinant of the Gram matrix.
Definition 2 (Vinberg [12] §1.3). The Gram matrix G = (gij) of a Coxeter polytope P =
⋂
i∈J H−i ⊂Hn
bounded by |J| hyperplanes is a |J| × |J| matrix where:
1. gij = 1 if i = j.
2. gij = −cos( pimij ) if Hi, Hj intersect.
3. gij = −1 if Hi, Hj are parallel.
4. gij = −cosh(ρ(Hi, Hj)) if Hi and Hj are ultraparallel, where ρ(Hi, Hj) is the distance between Hi
and Hj.
Constructing a Gram matrix in this way encodes the angles or distances between the hyperplanes
that bound P into a matrix. The matrix is square and from its construction it can be seen to be
symmetric, with the number of columns and rows equal to the number of hyperplanes bounding
P.
Remark 3. Consider the columns of the Gram matrix as vectors. Hn can be represented as En,1 (n + 1
dimensional Euclidean space with Lorentzian metric). If there are more than n + 1 columns (vectors) there
is a linear dependence between some of the rows or columns and so the Gram matrix has determinant zero.
This text will consider Coxeter polytopes in Hn with n + 3 facets and so the Gram matrix of the Coxeter
polytope will have determinant zero. A minor formed from n + 2 rows and columns of this Gram matrix
will similarly have determinant zero.
3. Coxeter diagrams
Coxeter diagrams encode into a two-dimensional diagram the structure of the bounding hyper-
planes of the Coxeter polytope. A Coxeter polytope has a unique Coxeter diagram.
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Definition 4 (Vinberg [12] §5.1). For a Coxeter polytope P, construct a graph where the vertices ai
represent the hyperplanes Hi and each node is joined to every other by either a solid, bold or dashed line.
The edge between ai, aj is one of the following:
• (mij − 2)−fold line which is unlabelled (or single line labelled mij) where the dihedral angle between
Hi and Hj is pimij (note that when mij = 2 this is represented with no line),
• a thick line (or single line labelled ∞) when the hyperplanes Hi and Hj are parallel; or
• a dashed line labelled cosh(ρ(Hi, Hj)) when the hyperplanes Hi and Hj are ultraparallel, where
ρ(Hi, Hj) is the distance between Hi and Hj.
By reference to Definition 2 we see that the Coxeter diagram for a given polytope has the same
information contained in it as in the Gram matrix for that polytope, i.e. each Coxeter diagram
corresponds to a unique Gram matrix. Therefore the Coxeter diagram defines the combinatorics
of the polytope by Vinberg [12] §3.
4. Gale diagrams
A Gale diagram is obtained by Gale Transform (linear algebra operation) on the vertices of the
polytope. Gale transforms will not be discussed here but for more information see, for example,
Grünbaum [6].
A Gale diagram is of the form Sp−n−2 where p is the number of bounding hyperplanes and
n is the dimension of the space. There is a node (vertex) labelled 1 on the boundary of the
(p− n− 2)-sphere for each of the k hyperplanes.
This text focusses on Coxeter polytopes with n + 3 bounding hyperplanes and hence the Gale
diagram is S1, i.e. a circle, and the nodes for the hyperplanes are on the circumference of it.
We use a reformulation of the definition of the Gale diagram taken from Tumarkin [10] p1 which
will give a standard (contracted) form for Gale diagrams.
Definition 5 (Grünbaum [6]). Every combinatorial type of an n-dimensional polytope with n + 3 facets
can be represented by a standard two-dimensional Gale diagram. This consists of vertices of regular 2k−gon
in E2 centered at the origin which are labelled according to the following rules:
1. Each label is a non-negative integer, the sum of labels equals n + 3.
2. Labels of neighbouring vertices cannot be equal to zero simultaneously.
3. Labels of opposite vertices can not be equal to zero simultaneously.
4. The points that lie in any open halfspace bounded by a hyperplane through the origin have labels
whose sum is at least two.
Remark 6 (Tumarkin [10] p1). The combinatorial type of a convex polytope can be read off from the
Gale diagram in the following way. Each vertex ai, i = 1, ..., 2k, with label µi corresponds to µi facets
fi,1, . . . , fi,µi of P. For any subset I of the set of facets of P the intersection of facets { f j,γ|(j,γ) ∈ I} is a
face of P if and only if the origin is contained in the set conv{aj|(j,γ) 6∈ I}.
3
5. Methodical approach for constructing Coxeter polytopes
5.1. Introduction
In this section we will detail the rigorous approach taken to classify the non-compact non-
pyramidal Coxeter polytopes with n + 3 facets and one non-simple vertex. We start by introducing
some notation and then two important lemmas.
Notation 7 (Tumarkin [10] §2 p237). If G is the Gale diagram of a polytope P, denote by Sm,l the
subdiagram of the Coxeter diagram S(P) corresponding to the l − m + 1 (mod 2k) consecutive vertices
am, . . . , al of G. For l = m, denote this subdiagram by Sm. The weight of the vertex is denoted by µ(ai).
Lemma 8 (Tumarkin [10] Lemma 1). Let G be the Gale diagram of a polytope P. Suppose that the
weights of ai, ak+i are non-zero. Then:
1. the vertices ai and ak+i have weight 1 and the Coxeter diagrams Si+1,k+i−1 and Sk+i+1,i−1 are
connected and parabolic.
2. if ai+1 and ak+i+1 have non-zero weights, the Coxeter diagram Si+1,k+i is quasi-Lannér.
3. if ai+1 has weight zero, the Coxeter diagram Si+2,k+i is quasi-Lannér.
Lemma 9 (Tumarkin [10] Lemma 2). Let G be the Gale diagram of a polytope P, and suppose that the
weights of the vertices ai and ak+i−1 are zero. Then the diagram Si+1,k+i−2 is Lannér.
Remark 10. We see that a non-simple Coxeter polytope is represented by a Gale diagram which has pairs of
nodes opposite one another around the circumference and whose labels must be 1 (Lemma 8.1). In this text
we focus on those Gale diagrams which are a circle with precisely one pair of nodes opposite one another.
Notice that there are only a finite number of Gale diagrams in each dimension which have one
pair of nodes opposite each other, this can be seen as the task of splitting integer n + 1 over the
nodes which are not opposite one another.
As the final point before detailing the methodical approach taken, we quote the following important
theorem:
Theorem 11 (Vinberg [12] Theorem 2.1). Let G = (gij) be an indecomposable symmetric matrix of
signature (n, 1) with 1′s along the diagonal and non-positive entries off it. Then there is a convex polytope
P in Hn whose Gram matrix is G. The polytope P is uniquely determined up to isometry in Hn.
5.2. The method explained
Suppose we look to find all non-compact non-pyramidal Coxeter polytopes in Hn which have
n + 3 facets and one non-simple vertex, then applying the following method will give all such
Coxeter polytopes.
1. Determine all possible Gale diagrams up to congruence.
2. Apply Tumarkin’s Lemma’s 8 and 9. These will restrict Coxeter subdiagrams which can be
formed.
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3. Apply the restrictions which can be read off from the Gale diagram such as those subdia-
grams which are necessarily elliptic, etc.
4. Form a Gram matrix G for the candidate Coxeter diagrams and check that the determinant
of G and of any (n + 2)× (n + 2) minor is zero (Remark 3)
5. Apply Vinberg’s Theorem 11 and check the signature of the Gram matrix G. If the signature
is (n, 1, 2) then the Gram matrix G corresponds to a Coxeter polytope.
6. Results and Further Work
The full classification for the non-compact non-pyramidal Coxeter polytopes with n + 3 facets and
precisely one non-simple vertex is shown in Appendix A. It is interesting to note that there are no
examples in dimension 11 and above.
To obtain a full classification of the non-compact Coxeter polytopes with n + 3 facets it remains to
classify such simple Coxeter polytopes and non-simple non-pyramidal Coxeter polytopes with
more than one non-simple vertex.
Once this is completed then along with along with [11] and [10] this will complete the classification
of Coxeter polytopes with n + 3 facets.
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A. New Coxeter Polytopes
This section details the new Coxeter polytopes found which have n + 3 facets, are non-compact
non-pyramidal and have precisely one non-simple vertex. They are split over the following
subsections by the dimension in which they exist.
The nodes are labelled by the location of that node in its Gale diagram. For example, a node
labelled j will appear at location aj in the Gale diagram with label 1, a node with label i, j (with
j ∈ {1, . . . s}) will be one hyperplane from node ai in the Gale diagram (which has label s). This is
purely to provide an easy trail back to the Gale diagram for the Coxeter polytope and these node
labels may be ignored.
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A.1. Dimension 4
(a)
0
9 7
1 5
3, 1
3, 2 √
3
(b)
9 7
0
1
3, 2
3, 1
5
1 +
√
3
(c)
6, 1
4 0
3
6, 3
6, 2
1
√
15
3
√
15
3
(d)
6, 1
4 0
3
6, 3
6, 2
1
√
15
3
1
2 +
√
15
3
(e)
6, 1
4 0
3
6, 3
6, 2
1
1
2 +
√
15
3
1
2 +
√
15
3
(f)
6, 1
4 0
3
6, 3
6, 2
1
√
15
3
√
2
2 +
√
15
3
8
(a)
6, 1
4 0
3
6, 3
6, 2
1
1
2 +
√
15
3
√
2
2 +
√
15
3
(b)
6, 1
4 0
3
6, 3
6, 2
1
√
2
2 +
√
15
3
√
2
2 +
√
15
3
(c)
6, 1
4 0
3
6, 3
6, 2
1
√
15
3
cos(pi5 ) +
√
15
3
(d)
6, 1
4 0
3
6, 3
6, 2
1
1
2 +
√
15
3
cos(pi5 ) +
√
15
3
(e)
6, 1
4 0
3
6, 3
6, 2
1
√
2
2 +
√
15
3
cos(pi5 ) +
√
15
3
(f)
6, 1
4 0
3
6, 3
6, 2
1
cos(pi5 ) +
√
15
3
cos(pi5 ) +
√
15
3
9
(a)
6, 1
4 0
3
6, 3
6, 2
1
2
√
6
3
2
√
6
3
(b)
6, 1
4 0
3
6, 3
6, 2
1
2
√
6
3
1
2 +
2
√
6
3
(c)
6, 1
4 0
3
6, 3
6, 2
1
1
2 +
2
√
6
3
1
2 +
2
√
6
3
(d)
6, 1
4 0
3
6, 3
6, 2
1
2
√
6
3
√
2
2 +
2
√
6
3
10
(a)
6, 1
4 0
3
6, 3
6, 2
1
1
2 +
2
√
6
3
√
2
2 +
2
√
6
3
(b)
6, 1
4 0
3
6, 3
6, 2
1
√
2
2 +
2
√
6
3
√
2
2 +
2
√
6
3
(c)
6, 1
4 0
3
6, 3
6, 2
1
2
√
6
3
cos(pi5 ) +
2
√
6
3
(d)
6, 1
4 0
3
6, 3
6, 2
1
1
2 +
2
√
6
3
cos(pi5 ) +
2
√
6
3
(e)
6, 1
4 0
3
6, 3
6, 2
1
√
2
2 +
2
√
6
3
cos(pi5 ) +
2
√
6
3
(f)
6, 1
4 0
3
6, 3
6, 2
1
cos(pi5 ) +
2
√
6
3
cos(pi5 ) +
2
√
6
3
11
(a)
0
9
7
1
5
3, 1
3, 2
√
3
(b)
0
9
7
1
5
3, 1
3, 2
1 +
√
3
12
A.2. Dimension 5
(a)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
6
2
√
6
2
(b)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
10
2
√
10
2
(c)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
1
2 +
√
6
2
1
2 +
√
6
2
(d)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
1
2 +
√
10
2
1
2 +
√
10
2
(e)
6, 1 6, 4
6, 3
6, 2
1
0
3
4
√
6
2
1
2 +
√
6
2
(f)
6, 1 6, 4
6, 3
6, 2
1
0
3
4
√
10
2
1
2 +
√
10
2
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(a)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
2
2 +
√
6
2
√
6
2
(b)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
2
2 +
√
10
2
√
10
2
(c)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
2
2 +
√
6
2
1
2 +
√
6
2
(d)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
2
2 +
√
10
2
1
2 +
√
10
2
(e)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
2
2 +
√
6
2
√
2
2 +
√
6
2
(f)
6, 1 6, 4
4 0
3
6, 3
6, 2
1
√
2
2 +
√
10
2
√
2
2 +
√
10
2
14
(a)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
√
5
2
√
5
2
(b)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
3
2
3
2
(c)
6, 1 6, 46, 2 6, 3
1
0
3
4
√
5
2
1
2 +
√
5
2
(d)
6, 1 6, 46, 2 6, 3
1
0
3
4
2
3
2
(e)
6, 1 6, 46, 2 6, 3
1
0
3
4 1
2 +
√
5
2
1
2 +
√
5
2
(f)
6, 1 6, 46, 2 6, 3
1
0
3
4
2
2
15
(a)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
6
2
√
6
2
(b)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
10
2
√
10
2
(c)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
1
2 +
√
6
2
1
2 +
√
6
2
(d)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
1
2 +
√
10
2
1
2 +
√
10
2
(e)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
6
2
1
2 +
√
6
2
(f)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
10
2
1
2 +
√
10
2
16
(a)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
10
2
√
2
2 +
√
10
2
(b)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
6
2
√
2
2 +
√
6
2
(c)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
10
2 +
1
2
√
2
2 +
√
10
2
(d)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
6
2 +
1
2
√
2
2 +
√
6
2
(e)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
10
2 +
√
2
2
√
2
2 +
√
10
2
(f)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
6
2 +
√
2
2
√
2
2 +
√
6
2
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(a)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
2
√
2 (b)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
1
2 +
√
2
√
2
(c)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
1
2 +
√
2
1
2 +
√
2
(d)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
3
√
2
2
3
√
2
2
(e)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
3
√
2
2
1
2 +
√
2
(f)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
3
√
2
2
√
2
18
(a)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
√
26
4
√
26
4
(b)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
1
2 +
√
26
4
√
26
4
(c)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
1
2 +
√
26
4
1
2 +
√
26
4
(d)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
√
2
2 +
√
26
4
√
2
2 +
√
26
4
(e)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
√
2
2 +
√
26
4
1
2 +
√
26
4
(f)
6, 1 6, 4
4 0
3
6, 2 6, 3
1
√
2
2 +
√
26
4
√
26
4
19
(a)
6, 1
6, 4
4 0
3
6, 2
6, 3
1
√
2
√
2
(b)
6, 1
6, 4
4 0
3
6, 2
6, 3
1
1
2 +
√
2
√
2
(c)
6, 1
6, 4
4 0
3
6, 2
6, 3
1
1
2 +
√
2
1
2 +
√
2
(d)
6, 1
6, 4
4 0
3
6, 2
6, 3
1
3
√
2
2
3
√
2
2
(e)
6, 1
6, 4
4 0
3
6, 2
6, 3
1
3
√
2
2
1
2 +
√
2
(f)
6, 1
6, 4
4 0
3
6, 2
6, 3
1
3
√
2
2
√
2
20
(a)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
3
√
2
4
3
2
(b)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
3
√
2
4
3
2 +
√
2
2
(c)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
2
3
2
(d)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
2
3
2 +
√
2
2
(e)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
√
2
5
2
(f)
6, 1 6, 4
4 0
3
6, 2
6, 3
1
3
√
2
4
5
2
21
(a)
1, 11, 2
4 0
3
6, 16, 2
1, 3
1 +
√
2
2
(b)
1, 1
1, 2
4 0
3
6, 1
6, 2 6, 3
√
2
(c)
1, 1
1, 2
4 0
3
6, 1
6, 2 6, 3
√
6
2
(d)
1, 1
1, 2
4 0
3
6, 1
6, 2 6, 3
√
2
(e)
1, 1
1, 2
4 0
3
6, 1
6, 2 6, 3
√
2
(f)
1, 1 1, 2
4
0
3
6, 1
6, 2 6, 3
√
2
(g)
1, 1 1, 2
4 0
3
6, 1
6, 2 6, 3
√
6
2
22
A.3. Dimension 6
(a)
6, 1 6, 5
4 0
3
6, 2
1
6, 3 6, 4
√
6
2
√
6
2
(b)
6, 1 6, 5
4 0
3
6, 2
1
6, 3 6, 4
√
6
2
1
2 +
√
6
2
(c)
6, 1 6, 5
4 0
3
6, 2
1
6, 3 6, 4
1
2 +
√
6
2
1
2 +
√
6
2
(d)
6, 1 6, 5
4 0
3
6, 2
1
6, 3 6, 4
√
6
2
√
2
2 +
√
6
2
(e)
6, 1 6, 5
4 0
3
6, 2
1
6, 3 6, 4
1
2 +
√
6
2
√
2
2 +
√
6
2
(f)
6, 1 6, 5
4 0
3
6, 2
1
6, 3 6, 4
√
2
2 +
√
6
2
√
2
2 +
√
6
2
23
(a)
6, 1
4
0
3
6, 2
1
6, 3
6, 4 6, 5
√
2
√
2
(b)
6, 1
4
0
3
6, 2
1
6, 3
6, 4 6, 5
√
2
1
2 +
√
2
(c)
6, 1
4
0
3
6, 2
1
6, 3
6, 4 6, 5
1
2 +
√
2
1
2 +
√
2
(d)
6, 1
4
0
3
6, 2
1
6, 3 6, 4 6, 5
√
6
2
√
6
2
(e)
6, 1
4
0
3
6, 2
1
6, 3 6, 4 6, 5
√
6
2
1
2 +
√
6
2
(f)
6, 1
4
0
3
6, 2
1
6, 3 6, 4 6, 5
1
2 +
√
6
2
1
2 +
√
6
2
(g)
6, 1
4
0
3
6, 2
1
6, 3 6, 4 6, 5
√
2
2 +
√
6
2
√
2
2 +
√
6
2
(h)
6, 1
4
0
3
6, 2
1
6, 3 6, 4 6, 5
1
2 +
√
6
2
√
2
2 +
√
6
2
24
(a)
6, 1
6, 5
4
0
3
6, 2
1
6, 3
6, 4√6
2
√
2
2 +
√
6
2
(b)
6, 1
6, 5
4
0
3
6, 2
1
6, 3
6, 4
√
2
√
2
(c)
6, 1
6, 5
4
0
3
6, 2
1
6, 3
6, 4
√
2
1
2 +
√
2
(d)
6, 1
6, 5
4
0
3
6, 2
1
6, 3
6, 4
1
2 +
√
2
1
2 +
√
2
(e)
6, 1
6, 5
4
0
3
6, 2
1 6, 4
6, 3
√
2
√
2
(f)
6, 1
6, 5
4
0
3
6, 2
1 6, 4
6, 3
√
2
1
2 +
√
2
(g)
6, 1
6, 5
4
0
3
6, 2
1 6, 4
6, 3
1
2 +
√
2
1
2 +
√
2
(h) 6, 1
6, 54
0
3
6, 2
1
6, 4
6, 3
√
35
5
√
35
5
25
(a) 6, 1
6, 54
0
3
6, 2
1
6, 4
6, 3
√
35
5
1
2 +
√
35
5
(b)
6, 1
6, 54
0
3
6, 2
1
6, 4
6, 3
1
2 +
√
35
5
1
2 +
√
35
5
(c)
6, 1
6, 54
0
3
6, 2
1
6, 4
6, 3
2
√
10
5
2
√
10
5
(d)
6, 1
6, 54
0
3
6, 2
1
6, 4
6, 3
2
√
10
5
1
2 +
2
√
10
5
(e)
6, 1
6, 54
0
3
6, 2
1
6, 4
6, 3
1
2 +
2
√
10
5
1
2 +
2
√
10
5
26
A.4. Dimension 7
(a)
6, 1 6, 6
4 0
3
6, 2 6, 4
1
6, 3 6, 5
√
22
4
√
22
4
(b)
6, 1 6, 6
4 0
3
6, 2 6, 4
1
6, 3 6, 5
√
22
4
1
2 +
√
22
4
(c)
6, 1 6, 6
4 0
3
6, 2 6, 4
1
6, 3 6, 5
1
2 +
√
22
4
1
2 +
√
22
4
(d)
6, 1 6, 6
4 0
3
6, 2 6, 3 6, 4
6, 5
1
2
√
3
3
2
√
3
3
(e)
6, 1 6, 6
4 0
3
6, 2 6, 3 6, 4
6, 5
1
2
√
3
3
1
2 +
2
√
3
3
(f)
6, 1 6, 6
4 0
3
6, 2 6, 3 6, 4
6, 5
1
1
2 +
2
√
3
3
1
2 +
2
√
3
3
27
(a)
6, 1 6, 6
4 0
3
6, 56, 3 6, 4
6, 2
1 √
6
2
√
6
2
(b)
6, 1 6, 6
4 0
3
6, 56, 3 6, 4
6, 2
1 √
6
2
1
2 +
√
6
2
(c)
6, 1 6, 6
4 0
3
6, 56, 3 6, 4
6, 2
1
1
2 +
√
6
2
1
2 +
√
6
2
(d)
6, 1 6, 6
4 0
3
6, 4
6, 3
6, 5
6, 2
1
√
5
2
√
5
2
(e)
6, 1 6, 6
4 0
3
6, 4
6, 3
6, 5
6, 2
1
√
5
2
1
2 +
√
5
2
(f)
6, 1 6, 6
4 0
3
6, 4
6, 3
6, 5
6, 2
1
1
2 +
√
5
2
1
2 +
√
5
2
28
(a)
6, 1 6, 6
4 0
3
6, 4 6, 3 6, 5
6, 2
1
√
6
2
√
6
2
(b)
6, 1 6, 6
4 0
3
6, 4 6, 3 6, 5
6, 2
1
1
2 +
√
6
2
√
6
2
(c)
6, 1 6, 6
4 0
3
6, 4 6, 3 6, 5
6, 2
1
1
2 +
√
6
2
1
2 +
√
6
2
29
A.5. Dimension 8
(a)
6, 1 6, 7
4 0
3
6, 2 6, 56, 4
1
6, 3 6, 6
√
5
2
√
5
2
(b)
6, 1 6, 7
4 0
3
6, 2 6, 56, 4
1
6, 3 6, 6
√
5
2
1
2 +
√
5
2
(c)
6, 1 6, 7
4 0
3
6, 2 6, 56, 4
1
6, 3 6, 6
1
2 +
√
5
2
1
2 +
√
5
2
(d)
6, 1 6, 7
4 0
3
6, 56, 4 6, 6
6, 2 6, 3
1
2
√
14
7
2
√
14
7
(e)
6, 1 6, 7
4 0
3
6, 5
6, 4
6, 66, 2 6, 3
1
2
√
3
3
2
√
3
3
(f)
6, 1 6, 7
4 0
3
6, 5
6, 4
6, 66, 2 6, 3
1
2
√
3
3 +
1
22
√
3
3
30
(a)
6, 1 6, 7
4 0
3
6, 5
6, 4
6, 66, 2 6, 3
1
2
√
3
3 +
1
2
2
√
3
3 +
1
2
31
A.6. Dimension 9
(a)
6, 1
4 0
3
6, 2 6, 3 6, 4 6, 6 6, 7 6, 8
1
6, 5
√
5
2
√
5
2
(b)
6, 1
4 0
3
6, 2 6, 3 6, 4 6, 6 6, 7 6, 8
1
6, 5
√
5
2
1
2 +
√
5
2
(c)
6, 1
4 0
3
6, 2 6, 3 6, 4 6, 6 6, 7 6, 8
1
6, 5
1
2 +
√
5
2
1
2 +
√
5
2
(d)
6, 1 6, 8
4 0
3
6, 2 6, 5 6, 66, 4
1
6, 3 6, 7
3
√
2
4
3
√
2
4
(e) 6, 1 6, 8
4 0
3
6, 2
6, 5
6, 66, 4
1
6, 3
6, 7
3
2
3
2
(f) 6, 1 6, 8
4 0
3
6, 2
6, 5
6, 66, 4
1
6, 3
6, 7
2
3
2
(g) 6, 1 6, 8
4 0
3
6, 2
6, 5
6, 66, 4
1
6, 3
6, 7
2
2
32
A.7. Dimension 10
(a)
6, 9 6, 8 6, 6 6, 5 6, 4 6, 3 6, 2 6, 1
6, 7
4
0
3
1
√
2
√
2
(b)
6, 9 6, 8 6, 6 6, 5 6, 4 6, 3 6, 2 6, 1
6, 7
4
0
31
√
2
√
2 + 12
(c)
6, 9 6, 8 6, 6 6, 5 6, 4 6, 3 6, 2 6, 1
6, 7
4
0
31
√
2 + 12
√
2 + 12
33
